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The recent developments in the modern data collection tools, techniques, and storage capabilities are leading
towards huge volume of data. The dimensions of data indicate the number of features that have been measured
for each observation. It has become a challenging task to analyze high dimensional data. Different dimensionality
reduction techniques are available in literature to eliminate irrelevant and redundant features. Selection of an
appropriate dimension reduction technique can help to enhance the processing speed and reduce the time and
effort required to extract valuable information. This paper presents the state-of-the art dimensionality reduc-

tion techniques and their suitability for different types of data and application areas. Furthermore, the issues of
dimensionality reduction techniques have been highlighted that can affect the accuracy and relevance of results.

1. Introduction

Over the past few years, a huge volume of digital data is continuously
being generated in different application areas. Moreover, the size, het-
erogeneity, complexity, and dimensionality of data are growing expo-
nentially [1]. Applications of High Dimensional Data (HDD) [2,3] have
been found in various domains including biomedical, web, education,
medicine, business, and social media [4]. The massive amount of new
HDD is continuously evolving in different formats (e.g., text [5], digital
images [6], speech signals [7], and videos [8]).

For Machine Learning (ML) models, high dimensionality of data can
raise many issues for accurate classification, pattern recognition, and
visualization [9]. Learning in high-dimensional spaces or with a large
number of features can become difficult due to high computational com-
plexity. The term curse of dimensionality means that if the amount of
data for which to train a model is fixed, then increasing dimensionality
can lead to overfitting. This issue can be avoided by bringing in expo-
nentially more data for each additional dimension [10].

The Dimensionality Reduction (DR) [11] can be performed through
feature extraction (feature transformation) and feature selection. Fea-
ture extraction transforms the original HDD sets to new reduced data
sets by removing redundant and irrelevant features. New feature set
preserves maximum information of the original data set. Feature selec-
tion [12] selects the subset of features from input data that are most
relevant to the given problem [6,7,13,14]. It becomes a tiresome task to
manually extract the suitable and relevant features for different appli-
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cations. Selection of an appropriate technique for DR can reduce time
and effort to select and extract relevant features for analysis.

Dimensionality Reduction Techniques (DRTs) offer an efficient way
to reduce the number of input variables (dimensions) before applying
ML models. Many DRTs are available that can be applied to reduce com-
putation time and to make efficient use of computing resources. DRTs
can be applied at the pre-processing stage before data analysis and de-
velopment of ML model. A wide variety of DRTs [11,15] are available
for different types of data. The major difficulty in applying DRTs is each
DRT has been developed to maintain certain aspects of the original data.
Therefore, a particular DRT may be suitable for some type of data or ap-
plication and may be inappropriate for other. Furthermore, some DRTs
have been designed under certain constraints that are scope and appli-
cation limited.

Moreover, change in internal parameters and functions can modify
the core functionality of DRT. This study gives a brief overview of the
DRTs and their available variants. Furthermore, we identified various
application areas and data sets for which DRTs have been successfully
applied. Moreover, different issues that may arise during the DR process
have been highlighted.

Rest of the paper is organized in different sections. The
Section 2 explores different DRTs and variants of these techniques.
Section 3 presents a comparative study of DRTs and application areas
with available solutions. Section 4 highlights the issues and challenges
of DRTs. Section 5 gives a brief discussion. At the end, we conclude the
outcomes.
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Table 1
List of discriminative features of DRTs.
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Features Description

Supervised Learning [16]
Unsupervised Learning [17]
Semi-supervised Learning [18]
Linear Technique [19]
Non-linear Technique [20]
Local [21]
Global [21]
Parametric [4]
Non-parametric [4]
data points.
Manifold Learning [21]
approaches.
Intrinsic Dimension [22]
Curse of Dimensionality [23,24]

Makes use of labeled data input and target output data are known.
Discovers patterns from unlabeled data.
For both labeled and unlabeled data can be used.

Represents each reduced dimension as a linear combination of the original dimension.

Each reduced dimension results from a nonlinear transformation of the original dimensions.

Based on neighborhood relationship.

All the pairwise distances are considered.

Parametric methods based on an explicit number of parameters involved.

Non-parametric methods do not assume a specific functional form, rather they can be directly assigned to different

Imposes additional restrictions, while mapping high dimensional data to low dimensions. It deals with local and global

Consists of a minimum number of variables required to define the data without significant loss of information.
The curse of dimensionality is the expression of all phenomena that appears with HDD. This can rise in difficulty when

training models with high-dimensional data.

2. Dimensionality reduction techniques

DR is a process of transforming high dimensional representation of
data in low dimension representations. With the immense increase in
HDD, use of different DRTs has become common in many application
areas. Moreover, many new techniques are evolving continuously. DRTs
transform original data set having high dimensionality and converts it
into a new data set representing low dimensionality while preserving
the original meanings of the data as much as possible [25]. The low
dimensional representation of the original data helps to overcome the
issue of curse of dimensionality [23,24]. The low dimensional data can
be easily processed, analyzed, and visualized.

Formally, DRT transforms the high dimensional data Y =
[¥1, Y2, -+, ¥] € R™P having p dimensions and m observations into low
dimensional data Z = [z, z,,*, z,,] € R™* where k < < p in ideal
case. DRT can have implicit, explicit or inverse mapping to reconstruct
a sample from the low-dimensional representation [26].

DRTs can be used to extract only relevant features that are useful for
analysis while eliminating redundant and unnecessary features. The use
of DRTs can reduce the computation time and storage space require-
ments. For example, reducing dimensions from 100 to 2D or 3D will
certainly reduce storage requirement. Moreover, 2D or 3D will provide
better interpretation and visualization of data [27]. By eliminating re-
dundant and irrelevant features, DRTs can become helpful for integra-
tion of various data sets [28]. Table 1 shows a list of discriminative fea-
tures of DRTs that will be useful for further understanding. This study
provides an overview of linear and nonlinear DRTs.

2.1. Linear dimension reduction techniques

Linear Dimension Reduction Techniques (LDRTs) use simple linear
functions to transform HDD into lower dimensions. This section provides
a brief overview of different LDRTs and their variants to explore the
suitability of specific LDRTs for different applications [19].

2.1.1. Principal component analysis

PCA was originally introduced by Pearson [29] and developed in-
dependently by Hotelling [30]. PCA is an unsupervised linear mapping
based on an eigen vector search and suitable for Gaussian data. PCA
provides different strategies for reducing the dimensionality of feature
space and preserves the maximum amount of variance of the original
data [31,32]. PCA can be computed using different algorithms includ-
ing eigen values, latent variable analysis, factor analysis or Linear Re-
gression (LR) [28,33,34]. Major applications of PCA include image and
speech processing, visualization, exploratory data analysis, and robotic
sensor data [33,35].

The goal of PCA is to identify a set of uncorrelated features known
as Principal Components (PCs). The first PC holds the largest amount
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of variance of original data, while the second PC represents the second
largest variance, and so on. First few k PCs hold the largest amount
variation of the original data and reduces the dimensions of data from
p to k. Only prominent PCs holding maximum information can be used
to visualize data in low dimensional space. Let Y € R™” be an m X p
matrix having m observations and p features. The PCs z; € R” can be
computed as a linear weighted combination of features [34].

Z=YW (1)

Here Z =[zy,z;,,2,] ER™ and W = [w;, w,, -+, w, € RP*’]. The
transformed data have the smallest reconstruction error and maximum
variance among all possible projections [36].

Variants of PCA have been developed for different data, types and
structures. Kambhatla and Leen [37] introduced an extension to PCA
using local linear approach called Local PCA (LPCA). Experimental re-
sults showed better performance of LPCA when compared with NN and
PCA for speech and image data. Locantore et al. [38] developed Robust
PCA (RPCA) for functional data to enhance the robustness of the tra-
ditional algorithm. Hubert et al. [39] proposed Robust PCA (ROBPCA)
based on Projection Pursuit (PP) using robust scatter matrix estimation.
ROBPCA provided more accurate and computationally fast results than
classical PCA. In order to work with outliers and missing elements in
the data, Serneels and Verdonck [40] introduced an Expectation Robust
PCA and experimental results indicate its suitability for different sizes
of data sets.

Vidal et al. [41] proposed Generalized PCA (GPCA) to deal with HDD
space having an unknown number of subspaces. GPCA was applied on
different data sets for clustering faces, temporal video segmentation,
and 3D motion segmentation. Li et al. [42] introduced an improved 2D-
PCA for online palm print recognition system and achieved accuracy of
approximately 99.72%. Wang et al. [43] proposed an incremental (2D-
PCA) for the tracking of moving objects from videos. Qiu et al. [44] used
2D-PCA for the classification of SAR images and attained better results
than classical PCA.

For feature extraction and recognition of tensor objects, Lu
et al. [45] developed a Multi-linear PCA (MPCA). MPCA based face
recognition system has shown better results than original PCA and 2D-
PCA. Di et al. [46] introduced a Multilevel Functional PCA to extract
multilevel intra-core and inter-subject geometric components of func-
tional data. Moreover, Happ and Greven [47] proposed a Multivariate
Functional PCA (MFPCA) to manage multivariate functional data from
different domains having different dimensions. Performance of MFPCA
is not affected with data sparsity and data with measurement error. Mon-
forte et al. [48] applied MFPCA for the development of an automatic
robotic arm system to achieve human like grip from a robotic system.

Metsalu and Vilo [49] introduced an interactive module called
ClustVis. ClustVis visualizes clusters of multivariate data using PCA and
heatmap and provides an interactive environment to makes modifica-
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tion easier. The experimental results can be viewed and stored in dif-
ferent formats. Tree-structured Multi-linear PCA (TM-PCA) reduces the
dimensions of input sequences and sentences that makes the sentence
classification easy and simple. TM-PCA with SVM has shown better per-
formance than recurrent neural network for text data classification [50].

Zou et al. [51] proposed Sparse PCA (SPCA) to manage sparsity of
gene expression data. Journée et al. [52] developed a Generalized Power
method for Sparse PCA (GP-SPCA) to overcome the curse of dimension-
ality issue. Fabris et al. [53] used SPCA for the description of glucose
variability in type 2 diabetes. Yi et al. [54] proposed Joint Sparse PCA
(JSPCA) to select useful features from the data and to efficiently deal
with outliers. A new version of SPCA uses a hybrid approach based on
robust and scalable algorithm [34].

PCA has been extensively used for exploring HDD sets to identify
dominant trends. Enhancing visualization and exploring patterns spe-
cific to one data set is a challenging task. Abid et al. [55] proposed
Contrastive PCA (cPCA) to get low dimensional structures from the
given data and find better insights. cPCA has shown suitability for
application areas where PCA has already been used. Cardot and De-
gras [56] discussed different methods for online PCA such as pertur-
bation techniques, incremental methods, and stochastic optimization.
Fan et al. [57] analyzed PCA for big data and focused on community
detection, ranking, mixture model, and manifold learning. Random Per-
mutation PCA (RP-PCA) and RP-2D-PCA have been applied for efficient
image recognition in a biometric system [58].

2.1.2. Singular value decomposition

Singular Value Decomposition (SVD) is an unsupervised LDRT that
is closely related to PCA. SVD can be used to solve metric equations
and data reduction problems [59-62]. Researchers have used SVD in
different areas including digital image processing [63], taxonomic clas-
sification of biological sequences [64], pattern recognition [65], gene
expression data [28,32,61], signal processing [66,67], NLP [68], bio-
informatics [64], and text summarization [69].

SVD is specifically developed for matrix decomposition. SVD can
be applied to any real-world matrix. It factorizes matrix Y € R™*? into
USVT. Matrix U and Vare two orthogonal matrices having dimensions
m X k and p x k, respectively. Matrix S is a k x k diagonal matrix contain-
ing singular values of Y. Number of singular values obtained is k [70].
One important feature of SVD is to reconstruct original matrix Y using
matrices U, V, and S. SVD is computationally hard but can be improved
with random sampling, sensitive to outliers, and nonlinearities in data.
Results are not always the best for visualization and interpretation can
becomes difficult. SVD follows a de-facto standard for DR process in
generic data sets and provides an optimal level of DR for linear projec-
tions [71,72].

To work with orthogonal and sparsity issue, constrained SVD was
proposed that can incorporate multiple constraints to efficiency of clas-
sical SVD[73]. Husson et al. [74] introduced a multi-level SVD based im-
putation method. This method is useful for efficient pre-processing and
management of diverse nature of data collected from multiple sources.
This new approach can be useful in different fields such as education,
medical and life science.

2.1.3. Latent semantic analysis

Over the past few years, better exploration of scientific knowledge
from text documents has gained popularity. With an explosive growth of
text documents, term similarities in different fields and their association
are creating many issues. A term may cause conflict in identification and
classification. For example, a Fly and fly both have the same spellings
but one can be used as noun and other as a verb [75]. Latent Semantic
Analysis (LSA) is an unsupervised linear mapping designed for text doc-
uments based on the PCA or SVD computation. LSA is a vector based
technique used to compare and represent the text of HD corpus data
into lower dimensions [5,76,77]. LSA is useful to retrieve relevant doc-
uments from a huge collection of documents. Deerwester et al. [78] per-
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formed indexing using LSA to discover relevant documents based on
terms found in the queries.

LSA aims to learn semantic representation of text and infer associ-
ations among words [79]. LSA takes m x p words from co-occurrence
matrix ¥ € R™® as input. Each matrix entry y; represents local fre-
quency of a given word i for a given document j. The co-occurrence
counts are transformed to weight to determine information about the
meaning of a document. The transformed matrix of weighted terms has
dimension factors and can be reduced with SVD computation. For in-
stance, LSA [USVT] = SV D(Y, k) where U and V are orthogonal matri-
ces. Finally, a new matrix is reconstructed from the reduced decomposed
matrix and similarity measures are calculated from the reconstructed
matrix [76,79]. In LSA, singular values computed using SVD are used
to represent the dimensions of meaning for words and passages in the
language. The dimensionality of these semantic representations can be
reduced by replacing some of the singular values with 0.

LSA is being used in numerous applications for categorization of
terms and documents, summarization of large collections of docu-
ments [80,81], searching words and their meanings, finding pairs of
synonym and antonym, educational applications [76,82,83], to analyze
the professional’s competency pattern for successful business manage-
ment [84], to analyze communication among patient and physician to
prescribe medication [85]. LSA can also be applied for text [77], im-
ages and videos[1] and to identify medical records [86]. Furthermore,
Santilli et al. [87] performed an analogous comparison of twitter posts
using LSA.

Hofmann introduced a Probabilistic LSA (PLSA) model for effective
information retrieval, Natural Language Processing (NLP), ML, and re-
lated areas [88,89]. Many categories of text documents and linguistic
data collections were accessed through automatic indexing of docu-
ments and results indicate a substantial and consistent improvement of
the probabilistic method over standard LSA. Zhai and Geigle [90] pro-
vided a broad overview and applications of PLSA. Si and Jin [91] pro-
posed a Regularized Probabilistic LSA (RP-LSA) model to adjust model
flexibility and avoid the over fitting issue. Tu et al. [92] introduced
hk-LSA for reducing the dimensions of text documents. Uysal and Gu-
nal [93] introduced a Genetic Algorithm based on Latent Semantic Fea-
tures (GALSFs) to improve the text classification. The proposed ap-
proach combined the feature selection and extraction phases. Discrimi-
native PLSA approach is used for face recognition and achieved success
in recognizing face based on single training sample [94].

2.1.4. Locality preserving projections

Locality Preserving Projections (LPP) is an unsupervised LDRT that
relies on the linear approximation of the nonlinear Laplacian Eigen
map [95]. Graphs can be developed using Laplacian graph nota-
tion [95,96]. Linear projective maps are used to solve variation is-
sues and optimal preservation of neighborhood structure of data. This
method preserves the distance between samples when projecting data
to lower dimensions [96-98].

LPP finds wy, wy, ---, w,, vectors to map high dimensional data Y into
low dimensional data by Eq. 2 [95]. wIYDYTw should be equal to one.

2
argmin,, = Z “wTy,. - wTyjHZA,.j 2)
ij

A is an affine similarity matrix and computed using Eq. 3.

-l
B

Ay

3

=exp|—

where g is average squared distance between all pairs. Eq. 2 can be

reduced to find eigen value decomposition
YLY w=ayDYTw )

where L = D — A and 4; are eigen vectors.



S. Ayesha, M.K. Hanif and R. Talib

LPP has been applied in different application areas including image
retrieval [99], image and video classification, face recognition [16,100],
pattern recognition [101], automatic speech recognition [6], and com-
puter vision [98]. Huang et al. [102] introduced a Locality-Regularized
Linear Regression Discriminant Analysis (LL-RDA) based on LL Regres-
sion Classification (LLRC) [103]. LL-RDA was derived by maximizing
the inter-class reconstruct of local scatters at the same time minimizing
the intra-class reconstruction of local scatters.

He [99] introduced an incremental semi-supervised LPP (SLPP)
learning algorithm using PCA and LPP for image retrieval. SLPP pro-
vides better representation in lower dimensions and preserves semantic
information of the image. Moreover, Xia and Rui-xia [16] applied su-
pervised LPP for human face recognition. Cheng et al. [104] proposed
Supervised Kernel LPP (SKLPP) to enhance face recognition accuracy.
SKLPP increased the approximation for face manifold learning and en-
hanced within class relations.

Yu et al. [105] proposed Discriminant LPP (DLPP) for face recogni-
tion that offers better performance than original LLP. Furthermore, it
reduced noise in images and transformation difference without sacrific-
ing much of intrinsic difference. DLPP has shown good performance for
pattern recognition [105]. However, DLPP cannot solve the small sam-
ple size problem. Lu et al. [106] introduced a Matrix Exponential-Based
Discriminative LPP (MED-LPP) to solve the small sample size problem
efficiently. Zhong et al. [107] presented DLPP based on L1-norm maxi-
mization to improve performance for pattern recognition. The proposed
method was efficient in the presence of outliers and resolve the issue of
small sample size.

For efficient image recognition, Zhu and Zhu [100] developed an
Orthogonal DLPP (ODLPP). Experiments on Yale Face and AR face
data showed that ODLPP performed better than Eigenface, Fisherface,
Laplasianface, and Orthogonal LPP (OLPP). Lu et al. [108] introduced
Discriminant LPP based on Maximum Margin Criterion (DLPP/MMC).
Experiments performed on ORL, Yale and Pie face data sets showed
DLPP/MMC performed better than DLPP, LPP, LDA+PCA, LDA, and
PCA methods and achieved higher image recognition accuracy. For Fa-
cial expression recognition, Turan et al. [109] presented a Soft Locality
Preserving Map (SLPM) method. SLPM effectively reduce the dimen-
sions of the feature vectors and enhance the discriminative power of
the extracted features for expression recognition. SLPM feature genera-
tion method enhanced the generalizability of the underlying manifold
learning for facial expression recognition. Wang et al. [110] proposed
a Grassmann manifold based on the LPP (GLPP). Experimental results
showed the effectiveness of GLPP for image/video classification when
compared with HD Grassmann manifold.

To extract useful features and pattern recognition, Li et al. [101] in-
troduced a Kernel based Self-Optimized Locality Preserving Discrimi-
nant Analysis (KSLPDA) which performed better than PCA, LDA, LPP,
SLPP and SKLPP. Wong and Zhao [98] proposed Supervised Optimal
LPP (SOLPP) and Normalized Laplacian-based Supervised Optimal LPP
(NL-SOLPP) to enhance the efficiency of feature extraction in computer
vision applications. SOLPP and NL-SOLPP achieved higher recognition
efficiency than orthogonal LPP [100] and uncorrelated LPP [111].

Traditional LPP cannot be implemented using 2D image vectors be-
cause of the singularity matrix issue. Chen et al. [112] proposed 2D-LPP
to enhance the image recognition using 2D image matrices instead of 1D
vector. 2D-LPP saves local information and helps to detect an intrinsic
manifold structure of the image. They showed 2D-LPP achieved higher
recognition rate and better performance than LPP, 2D-PCA, and 2D-LDA
when applied for the same number of dimensions. In another work, Xu
et al. [97] suggested an improvement in 2D-LLP method for face recogni-
tion. 2D-LPP [112] is an unsupervised method which is unable to use dis-
criminative information of sparse data. Wan et al. [113] proposed Sparse
2D Discriminant LPP (S2DD-LPP) based on 2D Discriminant LPP (2DD-
LPP) and elastic net regression. They showed S2DDLPP has improved
performance when compared with other methods (2D-PCA, 2D-PCA-L1,
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2D-LDA, 2DD-LPP and 2DD-LPP-L1) for the ORL, Yale, and FERET face
data sets.

2.1.5. Independent component analysis

Independent Component Analysis (ICA) is an unsupervised LDRT
widely used for exploration of multi-channel data [114]. ICA is used
to model data as a linear mixture of non-Gaussian independent source.
ICA is a multi-variate approach used to perform linear transformation in
such a way that the resulting components are uncorrelated and indepen-
dent. Some applications of ICA include data analysis and compression,
Bayesian detection, source localization, and blend and mixed source sep-
aration and identification [114].

ICA is a process of extracting independent components from the
linear transformations of the original data. For this purpose, maxi-
mum likelihood [115] and minimization of mutual information in be-
tween components can be used [116]. Assume that the observed data
Y = (1, Y2, >y, is composed of using linear transformation of m x p
matrix T and non-Gaussian component vector s; = (s, S5, - , 5,,)" -

Y, =Ts, )

ICA finds a linear mapping W of the source vector s; such that each
component of an estimate v is as independent as possible [117].

v,=WY,=WTs, (6)

ICA uses an objective function to measure the degree of depen-
dence between the components. Many algorithms have been proposed
to estimate independent components based on different objective func-
tions [118]. Hyvarinen [119] suggested a Fast fixed point ICA (FastICA)
for separating complex values and linearly mixed source signals. Fas-
tICA can be used for Blend Source Separation (BSS) and feature extrac-
tion. BSS is being used in applications of biomedical, signal processing,
finance, communication, remote sensing, and many other [120,121].
Akkalkotkar and Brown [116] introduced Mixed ICA/PCA through Re-
producibility Stability (MIPReSt) approach that uses an iterative esti-
mation method to rank different sources. It is used to determine the
dimensions of non-Gaussian subspaces from mixture of data.

Yang et al. [122] applied the functions of Ranking and Averaging
ICA by Reproducibility (RAICAR) to address the issues faced by spatial
ICA for functional Magnetic Resonance Imaging (fMRI). When the sig-
nal mixture contains both Gaussian and non-Gaussian sources, Gaussian
sources cannot be recovered by ICA and influence the estimate of non-
Gaussian sources. Radiintz et al. [123] used IICA-based feature extrac-
tion method for automatic EEG artifact elimination. Capola ICA (CICA)
is based on Hoeffding measure of dependence for classification of time
series data [118]. temporal ICA (tICA) separates global noise and useful
global signals when capturing fMRI data [124].

To predict variations in stock market, Ince and Trafalis [125] pro-
posed a mixed method that combines the ICA and kernel methods. In
this approach, ICA was used to choose important factors after defining
inputs and kernel approaches were applied to forecast the variations and
directions of the stock market.

Traditional clustering methods usually ignore the issues like lack
of data normality and small temporal observations. Nascimento
et al. [126] proposed a hybrid approach that combines ICA and hier-
archical clustering called ICAclust. ICAclust does not require to define
the number of clusters in advance. For temporal gene expression data,
ICAclust has shown the better result than traditional k-mean cluster-
ing [126].

Other variants of ICA include Probabilistic ICA (PICA) for
fMRI [127], Faster ICA under orthogonal constraint [128], Sparse Gaus-
sian ICA (SGICA) [129] and Super Gaussian BSS using Fast-ICA with
ChebyshevPade approximation [121].

2.1.6. Linear discriminant analysis

Linear Discriminant Analysis (LDA) is a supervised LDRT which ap-
plies the linear combination of features as a linear classifier for DR [130-
134]. LDA captures only global geometrical structure information and
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ignores the geometrical variation of local data points for the same
class. Some of the application of LDA are face recognition [135-138],
early detection of diseases [139], text recognition [137], person re-
identification [140], hand movement classification [141], automatic di-
agnosis of machine operations [142], motor imagery EEG [143], and
ground water redox conditions [144].

The aim of LDA is to find a linear transformation matrix W €
R™k(k << p) to map high dimensional data Y € R into lower di-
mensional data Z € R"*k,

Z=wTy. ©)
Optimal projection matrix can be computed using Eq. 8 [145].
) wTs,w
min Tr| ——— ®)
wTis,w

where Tr(.) is the trace of the matrix. .S, and .S, can be computed as

LN T
Su,—mzl:m,-(y,- 1678 ©)

c om
= L3 Y G - - (0)

[
Here, y is the mean of all the samples. Zhang et al. [146] proposed
Local Intra-class Geometrical Variation Preserving LDA (LIPLDA) that
captures local information. LIPLDA performed well and improved recog-
nition accuracy for both global and local geometrical information. Liu
et al. [147] proposed Local LDA based on k-Nearest Neighbor (kNN)
that uses an affinity matrix which assigns weight according to the im-
portance of sample structural information.

LDA cannot perform well for non-Gaussian and small sample
size data. To address these issues, Subclass Discriminant Analysis
(SDA) [148] and Mixture Subclass DA (MSDA) [149] has been devel-
oped. Moreover, Ran et al. [138] and Xin et al. [18] proposed General-
ized EDA (GEDA) and Semi-supervised Regularized Discriminant Anal-
ysis (SRDA) to deal with the small sample size issue, respectively.

To reduce the overlap between models of sub-classes, Wan
etal. [150] proposed Separability-oriented SDA (SSDA) that uses hierar-
chical clustering for dividing a class into separability-oriented criteria.
Ye et al. [151] proposed 2D-LDA method to overcome the singularity
issue implicitly and achieved better recognition accuracy. Recent ad-
vancements showed 2D-LDA as a successful matrix based DR method.
However, 2D-LDA cannot deal with singularity issue. To overcome the
singularity issue, Li et al. [152] proposed a Generalized Lp-norm 2D-LDA
(G2D-LDA) framework with regularization. G2D-LDA achieved better
generalization performance and solve the singularity problem. To ac-
complish better classification, Baudat and Anouar [153] introduced a
Generalized Discriminant Analysis (GDA) using the kernel functional-

ity.

2.1.7. Projection pursuit

Projection Pursuit (PP) introduced by Friedman and Turkey [154] is
an unsupervised LDRT [154]. PP is a classical DRT which has been
widely used for exploratory data analysis. PP is a non-parametric tech-
nique that finds low dimensional projections and explores interesting
patterns for analysis [155].

The objective of PP is to find k dimensional projection A =
[ay,ay, -+, a;] € RP*(k < p) so that the projected data maximize the
predefined objective function & called the projection pursuit in-
dex [154,156]. The projection pursuit index measures the degree of in-
terestingness of the projected data. Moreover, PP index is flexible for
various pattern recognition tasks such as cluster analysis and classifica-

tion [156].
argmax 6(Y A) (11)

where AT A = I. PP decomposes the problem into a sequence of k op-
timization problems. Each optimization problem computes one base in
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A. The first base a; is found by searching p dimensional unit length
vector. The projected data maximizes the one-dimension PP index.
Then, PP tries to remove all the information in that direction from
the original data in order to avoid finding the same projection di-
rection in subsequent iterations. The process is repeated until all k
bases are computed [156]. Popular methods for PP optimization are
gradient techniques [157,158], Newton-Raphson menthod [159,160],
random search [158,161,162], genetic algorithm [163], simulated an-
nealing [164], and particle swarm optimization [165]. The PP index
can be used for supervised analysis [164,166-168], clustering analy-
sis [161,162,169,170], and regression analysis [171,172].

Intrator introduced a hybrid classification and regression approach
using unsupervised learning exploratory PP and supervised learning PP
regression to reduce cost and complexity issue [173]. Exploratory PP
combines a collection of data analytic techniques for low dimensional
representation [174]. A PP based method was developed for the de-
tection of multiple outliers [175]. Bolton and Krzanowski applied PP
clustering for low dimensional representation of data [176]. Bingham
and Mannila used Random Projection (RP) for DR of image and text
data [177]. Experimental results indicate that RP was computationally
less expensive when compared with other methods and was not affected
by the curse of dimensionality [177].

Based on PP method, Lee et al. proposed a tree-based PP algorithm
for classification. The key benefit of the proposed approach was to find
correlation between features. It offers visual representation of differ-
ences found in groups in the form of 1D representation that provides
help for interpretation of results [178]. Espezua et al. introduced a PP
framework for the reduction of HDD with small sample size. The pro-
posed framework comprises of compaction and PP phases [156].

To solve issues of non-linearity and HDD, Projection Pursuits Dy-
namic Cluster (PPDC) based on memetic algorithm was proposed [179].
The proposed approach was helpful to overcome the linear constraint of
classical PP and to reduce the dimensionality of data. Projection Pursuits
Random Forest (PPRF) algorithm can be used to solve the classification
problems [180]. In this method, a tree is developed by splitting lin-
ear combinations of randomly selected features. PPRF performed better
than Random Forest (RF) when classes were separated using linear com-
bination of features or in situation when correlation between features
increases.

2.2. Non-Linear dimensionality reduction techniques

Over the past few decades, a variety of NonLinear DRTs (NLDRTSs)
have been developed to work with applications having complex non-
linear structures [20,181,182]. To model relations present in the data
in a nonlinear manner, kernel methods, kernel methods also known as
“Kernel Trick” can be used [183]. Kernel trick avoids explicit mapping
to learn a nonlinear function. Moreover, graph based approaches and
manifold learning [184] NLDRTs have also been discussed.

2.2.1. Kernel principal component analysis

Kernel Principal Component Analysis (KPCA) introduced by
Scholkopf et al. [185] is an extension of conventional PCA to work with
HD feature space using kernel method. Instead of calculating the co-
variance of matrix, KPCA computes the principal eigen vectors of the
kernel matrix. Kernel property makes PCA suitable for nonlinear map-
ping [11,183]. KPCA can extract nonlinear principal components using
less computation power. KPCA offers good encoding for data having
nonlinear manifold [186].

KPCA transforms the input data Y from original input space to kernel
space for each data point using nonlinear transformation. Inner product
of new feature vectors are used to form a kernel matrix K. Then, PCA is
used on the centralized K to estimate the covariance matrix of the new
feature vectors. Popular kernels include Radial, Gaussian, Polynomial,
and Hyperbolic tangent [35]. Radial basis kernel with bandwidth b can
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be computed as [187]:

2
[~

y® (12)

K(y;,y;) = exp| —

Block Adaptive KPCA (BAKPCA) has been developed to dynamically
and non-iteratively add new blocks and remove old blocks of data.
BAKPCA showed improvement in signal processing and process mon-
itoring [188]. To monitor the nonlinear dynamic processes, a Dynamic
KPCA was introduced that achieved higher accuracy with minimum de-
lay [189]. Greedy KPCA enhances the efficiency of SVM classifier [190].
Greedy KPCA is not suitable for denoising. To overcome the limitations
of KPCA, an incremental KPCA was proposed to improve computation
speed and storage utilization [191].

Washizawa [192] introduced Subset KPCA (SKPCA) to reduce the
computational complexities of KPCA for DR and classification. To deal
with outliers and to avoid wrong classification results, Robust KPCA
has been proposed and applied for protein classification [193]. Zhang
and Ma [194] proposed a Multi-Scale KPCA (MSKPCA) that developed
a fault diagnostic method for nonlinear process monitoring. discrimi-
native PCA (dPCA) can be used for discriminative analysis of multiple
datasets [195]. dPCA was applied on applied health data, sensor data,
and face images dataset.

2.2.2. Multidimensional scaling

Multidimensional Scaling (MDS) introduced by Kruskal and
Wish [196] is an unsupervised NLDRT which aims to preserve a mea-
sure of similarity (dissimilarity or distance) between pairs of data points.
MDS preserves an ideal pair wise distance in low dimensional space
globally [196,197]. MDS has been used for exploratory analysis, multi-
variate analysis, and visualization. MDS works well when input distance
matrix embeds the elements in d dimensional space such that the pair-
wise distances are preserved in the embedded space. Transformation
is based on optimization of stress function, which is a sum of square
errors between the dissimilarities and their corresponding embedding
inter-vector distances [198]. Saeed et al. presented a brief review of
MDS methods used in real world applications [199].

Consider a distance matrix D which contains the distance between
data points of input data Y. The objective of MDS is to find the low
dimensional coordinates of each data point. The inter-point distances
d;j of theses data points should be close to d;. MDS can be formulated
as an optimization problem.

8(Z) = min< (d;; - d,f.)2>
i=1 j=1

The closeness is measured by stress function which is calculated by
sum-of-squares error. One of the commonly used stress function is:

!
Zi<j(dfj B dij)2
!
zi<j(dij)2

Traditional approaches to solve MDS were vulnerable to outliers. Man-
danas and Kotropoulos proposed a unified framework that preserves
MDS as maximization correntropy criteria using half-quadratic opti-
mization for multiplicative and additive form [200]. In this way, MDS
can manage dissimilarity matrix in the presence of outliers. The reason
is correntropy criteria is closely related to M-estimators. Ma et al. in-
troduced a neighbor preserving DR algorithm known as Localized MDS
with BFS (LMB) to create low dimensional representation of data hav-
ing latent manifold structure. LMB was applied on local neighborhood
of data to take compact representation of neighborhood to get global
reduction [201].

Chen and Buja introduced Local MDS (LMDS) that construct global
structure using local information and was applied for drawing graphs
and proximity analysis [202]. They have proposed solution to select

M=

13)

Stress = (14)
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tuning parameters and to identify the local embedding issue. In an-
other study, Mohamed et al. proposed LMDS for 3D non-rigid shape
retrieval [203].

MDS suffers a breakdown when the noise level increases. The rea-
son is MDS depends on the number of dimensions and noise level. Pe-
terfreund and Gavish introduced an extremely simple variant of MDS
called MDS+ [204]. MDS+ acts as a unique asymptotically optimal
shrinkage function. MDS + was applied to derive shrinkage nonlinear-
ity from the eigen values of the MDS similarity matrix. Furthermore,
MDS+ overcomes the issue of external estimation for embedding di-
mensions. It calculates the optimal number of lower dimensions into
which the data can be embedded. Blouvshtein and Cohen-Or suggested
an outlier detection mechanism using Robust MDS (RMDS) based on
geometric reasoning [198]. Hanley et al. proposed MDS-T that was an
analytic technique used for the analysis of psychological data [205].

2.2.3. Isomap

Isomap is one of the most popular NLDRT used to find an intrin-
sic structure of data from nonlinear manifold learning. The distinguish-
ing property of Isomap is to get the lower dimension representation of
data, while preserving the geodesic distance [189,206,207]. Geodesic
distance indicates the distance between two points in manifold. Isomap
computes the geodesic distances between data points using a neighbor-
hood graph. Each data point is connected with its k nearest neighbors.
The shortest distance between two points indicate good estimate. One
can obtain low dimensional representation of data points by applying
MDS on resulting matrix [1]. Isomap has shown a remarkable perfor-
mance for nonlinear dimensionality reduction in various research do-
mains [207-211].

Isomap identifies the neighbors on the manifold M based on pairwise
Euclidean distance Dy. Then, neighbors are stored in weighted matrix
D which contains the distances between neighbors. Isomap computes
the pairwise distance geodesic distance D,, between all pairs of data
points on the manifold M using shortest path algorithms. The low di-
mensional representation Z of high dimensional data X can be com-
puted using classical scaling on pairwise geodesic matrix. The vectors
z; are selected so that cost function E is minimized.

E=|oDg-Dy)|, 1s)

where function ¢ converts distances to inner products and can be defined
as:
HSH

D)y=-—"—— 16
o(D) ) (16)
Here, S and H are matrix of squared distances and centering matrix,
respectively.

Monitoring and identification of uncertainties and anomalous events
from the crowd data is a challenging task. Moreover, feature manage-
ment became computationally expensive for a large number of feature
sets. Isomap was used to detect irregularities from large-scale real time
video analytics efficiently [209].

Jiang et al. [212] proposed a Compressive Sensing method with
Gaussian Mixture Random Matrix (CS-GMRM) to transform HD vec-
tor data into lower dimensions. CS-GMRM eliminates the need for the
training process and preserves the matrix information of the origi-
nal vector space. Najafi et al. [213] introduced a path based Isomap
method to enhance the time and memory complexity. This approach
uses the geodesic path to obtain the low dimensional embedding. Shi
et al. [214] presented Landmark Isomap (L-Isomap) to enhance the scal-
ability of Isomap. Furthermore, Suganya et al. [215] combined Isomap
with SVM to achieve better results when compared with KPCA.

Li et al. [216] presented a parallel implementation of Isomap us-
ing Graphics Processing Unit (GPU). They have used Isomap for visual-
ization and DR of Hyper Spectral Images (HSIs). For feature extraction
and DR, a Sparse and Low-Rank Isometric Linear Embedding (SLRNILE)
can be used to enhance the classification accuracy of HSI [14]. Man-
ifold learning Isomap was successfully applied for speech summariza-
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tion [210], prediction of the good and bad condition of urban road traf-
fic [217], and the identification of cracks in the material [218]. Zheng
et al. [211] introduced a sequential simulation based framework for
generating super resolution, remote sensing images using Isomap and
Multiple Point Statistics (MPS).

2.2.4. Locally linear embedding

Locally Linear Embedding (LLE) is an unsupervised NLDRT which
aims preserve only local properties of data. LLE explores the local fea-
tures of the manifold for data points as linear combination of reconstruct
weight. LLE shows different data points using graph representation. LLE
uses eigen vector method for nonlinear DR process and can successfully
work for the identification of manifold structures [219]. Performance of
LLE can be enhanced using multiple linearly independent local weight
vectors for each neighborhood.

LLE identifies the neighbors of each data point y;. The neighbors can
be identified using different algorithms. Then, it computes the weight
matrix W of data Y from neighbors. The objective is to minimize the
cost function.

m
Yi— Z w;;y;
=1

Then low dimensional embedding is made for vector z; so that cost
function is minized.

m m 2
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Abdel-Mannan et al. [220] proposed Hessian Locally Linear Embed-
ding (HLLE) based on Incremental LEE (ILEE) for dynamically adding
new data and performing DR while preserving significant features of
the original data set. Zhang and Wang [221] introduced Modified LLE
(MLLE) using multiple weights. Supervised LLE and semi-supervised LLE
was introduced by Kouropteva et al. [222] and Zhang and Chau [223],
respectively, to enhance plant classification based on leave images. Het-
tiarachchi and Peters [224] suggested a Multiple Manifold LLE (MM-
LLE) approach to learn multiple manifolds for multiple classes. For in-
stance, neighborhood selection based on supervised learning in individ-
ual manifold learning. MM-LLE has performed well for object classifica-
tion and recognition.

2.2.5. Self-Organizing map

Self-Organizing Map (SOM) introduced by Teuvo Kohonen in 1981-
82 is an unsupervised NLDRT based on cognitive learning [225,226].
SOMs are versatile for analyzing nonlinear projections, multivariate and
complex data sets [227]. For a data set with mixed type features, the
dissimilarity of two instances can be measured on numerical and cat-
egorical features separately. The dissimilarity can be computed using
the combination of squared Euclidean distance on numeric features and
number of mismatches on categorical features. Numeric features are
usually normalized before distance calculation to ensure that all fea-
tures have equal influence on distance [228].

SOM groups similar data instances into 2D or 3D lattices called out-
put map. Different data instances appear separately on the output map.
Only important input space properties can be extracted from that out-
put map [229]. SOMs are similar to vector quantization. A SOM consists
of a map of neurons ny, n,, -+, n;, each equipped with a weight vector
Wy, wy, -, w; on a p-dimensional map. SOM compares the distance to
the weights of each neuron for each y;. The neuron with lowest distance
to its weight is chosen and plotted in direction of y;.

o _ 2
5 = min |ly; - w

19)

Real life applications of SOM include automatic organization of a
massive collection of documents [230], intrusion detection [231], de-
velopment of risk-based prioritization for stagnation [229], recognition
of protein folds [232], market data analysis [233], the classification of
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fMRI [4], removal of noise from 6D synthetic spectral image [234], and
predication rate for weather and crop production [235].

Chaudhary et al. [236] developed Community SOM (CSOM) to en-
hance the overall learning process. Isa et al. [237] proposed a hybrid
approach based on probability distribution and SOM with Naive Bayes
classifier to improve the classification accuracy for text documents. SOM
based clustering can achieve better classification accuracy for huge vol-
ume of documents. In classical SOM, there was need to predefine the
map topology and it became difficult to find the hierarchical relation-
ships in data. Yang et al. [238] developed a novel algorithm based on
several text mining approaches to enhance the efficiency of SOM and an
automatic organization of text documents.

Traditional SOM uses Mean Square Error (MSE) as objective func-
tion that affected the performance of SOM for noisy data. A corren-
tropy based approach was used in place of MSE that enhances the effi-
ciency of SOM in the presence of noise. Weighted-SOM (W-SOM) was
employed for accurate crop and weather prediction, which is the com-
bination of both SOM and learning vector quantization. The prediction
accuracy was enhanced by minimizing the Within Class Error (WCE)
among clusters [235]. A multistage Visual Analytical (VA) method with
SOM flow can be used to iteratively refine the cluster to analyze time
series data [239]. Liu et al. [240] used SOM for ecological informatics to
obtain useful information from the behavioral data. SOMs of single cell
spectra enables characterizing the heterogeneity between and within
cell populations that lie along distinct pathways [241].

2.2.6. Learning vector quantization

Learning Vector Quantization (LVQ) is a supervised NLDRT which is
similar to SOM. LVQ is a competitive based neural network introduced
by Kohonen [226]. Classification can be performed using distance be-
tween input vectors. The class borders enhance the classification accu-
racy of LVQ.

LVQ consists of an input layer, a single LVQ layer and an output
layer. The output layer has nodes equal to distinct classes. LVQ pa-
rameterizes the classification using C classes prototypes. These are cho-
sen as representatives of the respective classes. They are character-
ized by their location in feature space s; and the respective class la-
bels ¢(s;) € 1,2, ---, C. For given distance measure d/(s, y), data point is
assigned to a class c(s;) with d'(sl-,y) < d'(sj,y) for all j # i. Distance
measures can also be specified using a matrix.

LVQ has gained popularity in different application areas due to
its classification accuracy [242]. For feature extraction from still pic-
tures of human faces, combination of Gabor filter and LVQ approach
can be applied to recognize different facial expression [243]. Fitria
et al. [244] employed LVQ based artificial neural network classifiers for
several kinds of signal processing methods to recognize and classify ar-
rhythmia from the ECG signals. Hammer et al. [245] proposed a general
framework to combine different variants of LVQ to improve the classi-
fication accuracy for different types of data. PCA and LVQ were com-
bined by Hu et al. [246] for classification of mobile learning (mlearning)
strategies. Selection of an appropriate dissimilarity measure for a clas-
sification problem has become a time consuming and challenging task.
To solve this issue, an interpretative framework using median variation
of the Generalized LVQ (GLVQ) based on dissimilarities has been devel-
oped by Nebel and Kaden [247] to enhance the classification accuracy.

LVQ and Robust Soft LVQ (RSLVQ) can be applied only on vector
data. It cannot work well with complex data sets having pairwise rela-
tionships. Hofmann et al. [248] introduced a Kernel based RSLVQ ap-
proach that can handle more complex non vector data using general
Gram matrix. However, downside of this approach is high computa-
tional complexity due to full Gram matrix. Schleif [249] presented a
hybrid approach to extract random Fourier features for an LVQ matrix.
This technique provides reasonably smaller and discriminative feature
set.
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2.2.7. T-Stochastic neighbor embedding

t-Stochastic Neighbor Embedding (t-SNE) introduced by Hinton and
Roweis [250] is an unsupervised NLDRT used to reduce HDD in low di-
mensional space. t-SNE is based on matching distances between distribu-
tions [250]. t-SNE is non-parametric and well suited for visualization of
data sets having nonlinear structures [251]. It captures most of the local
structure of HDD by revealing a global structure and has functionality
to work with manifold learning. For low dimensional transformation,
t-SNE relies on conditional probability.

For input data Y, SNE computes the conditional probabilities p;;. The
goal of t-SNE is to have k dimensional map that reflects the similarities
g;; between two points z; and z;.

2 2
exp(—| yi—VY; H )/20;
Pjli = N (20
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Konstorum et al. conducted a comparative analysis of four DRTs,
i.e., PCA, Isomap, t-SNE, and Diffusion Maps by implementing them on
a benchmark mass cytometry data set [252]. The results of these reduc-
tions were compared for computation time, residual variance, neigh-
borhood proportion error (NPE), and for 2D visualization. It was found
that t-SNE and Diffusion Maps were the two most effective methods for
preserving local distance relationships among cells and providing infor-
mative visualizations.

Xie et al. proposed a multi-view Stochastic Neighbor Embedding (m-
SNE) to systematically combine the structures (features) from different
sources for a unified representation and future processing [253]. Experi-
mental results have shown the effectiveness of m-SNE for scene recogni-
tion and data visualization. Platzer applied t-SNE for DR and visualiza-
tion of large biological data [254]. Gisbrecht et al. introduced a kernel-
based t-SNE to enhance the functionality of classical non-parametric t-
SNE. This approach preserves the functionality of the classical t-SNE and
makes it suitable for parametric NLDRTSs [255].

Example

This section analyzes and visualizes different DRTs. In this study, we
used ElectroCardioGram (ECG) signal for heartbeat data derived from
PhysioNet MIT-BIH Arrhythmia database [256]. This dataset has 188
dimensions and 1094446 observations. This dataset has class imbal-
ance and other problems. For this purpose, data pre-processing was per-
formed. Uniform class distribution was produced by re-sampling with
bootstrapping based method to reduce the bias. Then, we used random
70/30 train/test data split.

In this work, we have implemented different linear and nonlin-
ear techniques for ECG data and visualized the results using scatter
plot(Fig. 1). We have considered only first four components for each
technique. Each component is shown by different color. These tech-
niques were compared using computational time. Nonlinear techniques
like Isomap, MDS, and t-SNE have worst execution time when compared
with other techniques. Many nonlinear DRTs have shown excellent abil-
ity to perform dimension reduction. However, they are vulnerable to
noise [257]. The need for data sampling can have an adverse impact on
their future practical implementations. Overall, most methods were able
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to represent the general features of the ECG data set. Visualizations gen-
erated by LLE, SOM, and t-SNE showed the most apparent divergence
from other methods.

3. Comparative study

This section presents core functionalities that different DRTs and
their variants offer. For this purpose, this section has been divided into
different subsections. Next subsection summarizes the different proper-
ties of DRTs. This study also explores the positive and negative aspects
of each technique. Then issues and challenges of HDD are discussed.
Afterwards, application areas where DRTs can be used are presented.

3.1. Properties of DRTs

The following findings have been identified from the studied lit-
erature. Parameters used for the comparative study have been taken
from Table 1. The parameter legends used in Table 2 are: Learn-
ing Type (S=Supervised, US=Unsupervised, SS=Semi-supervised), Lin-
earity (L=Linear, NI=Non-Linear), Data distribution (Gu=Gaussian,
NG=Non Gaussian), Parametric (P=Parametric, NP=Non-Parametric),
Span (Lo=Local, Gl=Global, M=Manifold (Local+ Global)), Data Type
(V=Vector, Di=Distance), Deterministic Property (De=Deterministic,
ND=Non-Deterministic), and Objectives. The “ +” symbol indicates that
base DRT naturally hold this property and can perform that particular
task. The “*” symbol indicates that variant of the base DRT provide the
mentioned property.

3.2. Common issues and challenges of HDD and solutions using DRTs

Selection of an appropriate DRT can decrease response time and en-
hance the efficiency of the algorithm. DRTs can reduce computation
time and cost by eliminating redundant features. HD and a huge vol-
ume of data may lead toward ML model over-fitting. DRTs reduces the
dimensionality of data by eliminating irrelevant features that make it
feasible to train data for ML models.

Different issues of HDD have been identified based on articles stud-
ied. Normally, outliers have values much higher than all other values in
data set or have a distance that lies beyond the normal distribution. It
becomes difficult to analyze a particular set of values in the presence of
outliers [40]. Different DRTs have been developed to solve this problem
for different types of data.

Another big issue that can affect the original data is noise.
Sometimes, it becomes difficult to identify noise from real data.
DLPP [105] offers facility to remove noise from image data. Sparsity
means that most of data values are blank. If there are too many sparse
values in data, then it becomes difficult to get accurate results after pro-
cessing the data. Some version of PCA can work with sparse data. More-
over, unknown subspaces are difficult to identify and manage with many
DRTs. Now variants of some DRTs can solve this issue. Another common
issue of HDD is curse of dimensionality [23]. It covers all phenomena
that appear with HDD and most of the time decreases the performance
of the learning algorithm.

The small sample size issue raises when the number of dimensions
exceeds than the number of observations. Processing and analysis of
such data becomes difficult. Several DRTs are available to solve small
sample size problem for different types of data. Multivariate data is an
essential part of HDD. DRTs can make effective use of multivariate data
by extracting valuable relevant information. Common issue with mul-
tivariate data is missing values. Another issue is the absence of class
labels [258]. Singularity issue affects the results of analysis when data
cannot be elaborated in 1D or vector form.

The data from environment or other sources can be mixed with
original data. Process of separating irrelevant features from useful fea-
tures is known as BSS. Many DRTs offer this facility. However, the
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Fig. 1. Comparison of different linear and nonlinear techniques for ECG data.

removal of useful features along with irrelevant features can lead to-
wards wrong classification. For this reason, BSS issue can severely af-
fect the classification accuracy. This issue is commonly found in im-
age and signal data [121]. Table 3 presents a list of common issues
found in HDD and available solutions by applying DRTs and variants of
DRTs.
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3.3. Available DRTs and different application areas

According to this study, various DRTs and their variants have been
developed to solve different types of issues. Each technique has advan-
tages and disadvantages to solve different problems. The application
area and type of data for which a specific technique was developed also
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Table 2
A Comparative Study of DRTs and their Variants.
Learning Type Linearity Distribution Parametric Span Data Type Deterministic
DRTs - Objectives
us SS Le NI Gu NG P Np Lo Gl M \% Di De Nd
PCA * + + * + * + + ! + + Preserve Variance
SVD + + + + + Optimal DR
LSI + + + + + * + + Classification Accuracy
PP * + * + + + * * * Manifold Learning
ICA + + * + + + Explore Multi-channel Data
LPP * + + * + * + + * * Manifold Learning
LDA + * + * + * + * + * + + Classification Performance
KPCA * + * * * * + + + Manifold Extraction
MDS * + + + * + * + o+ + Manifold Extraction
Isomap + + + + + + o+ + Manifold Extraction
LLE + + + + + Manifold Extraction
SOM + + + * + + Prediction Accuracy
LvQ + + + + * + * + Classification Accuracy
t-SNE * + * + * + * + * * * * + * + Neighborhood Preservation
Table 3
Issues in HDD and solutions using DRTs.

Issues DRTs Reference

Outliers ER-PCA, JSPCA, DLPP based on L1-norm, PP, Robust KPCA, MDS  [40], [54], [107], [175], [193]

Noise Removal DLPP, DSDV, MDS+, Isomap, SOM [105], [259], [204], [213], [234]

Sparsity SPCA,JSPCA [51], [54]

Unknown subspace GPCA [41]

Curse of dimensionality =~ GP-SPCA [52]

Computation cost RP-LSA, SOM [260], [235]

Response Time 2D-PCA, RP-LSA [42], [260]

Computation Time ROB-PCA, GP-SPCA, Fast-ICA, RP-LSA, KPCA, Isomap [39], [52], [260], [119], [191], [209]

Over-fitting RPLSA [91]

SSS MEDLPP, DLPP, SRDA, GEDA [18], [107], [106], [138]

Multi-variate MFPCA [47]

Singularity 2DLDA, G2DLDA, 2D-LPP [112], [151], [152]

BSS ICA, FastICA [120], [121], [119]

Table 4
Utilization of different DRT variants in various application areas.

Application Areas DRTs

References

Face and image recognition

Pattern recognition KSLPDA, DLPP, LIPLDA, 2DLDA

Enhance text classification GALSF, RLSA
Image/Video classification and clustering ~ GLPP, SOM
Gene expression data ICAClust
Pattern classification SRDA, RAD

Visualization
Signal processing
Time Series

MDS, SOM, t-SNE
IICA, FastICA, LVQ
PCA+SOM

SKLPP, MPCA, DLPP, 2D-LPP, S2DDLPP, ODLPP, DLPP/MMC

[104], [45], [105], [112], [113], [100], [108], [127]
[101], [105], [146], [151]

[93], [261]

[110], [204], [239]
[126]

[141], [138]

[203], [251], [254]
[119], [67], [123], [262], [244]
[233]

matters. Findings of Section 2 with respect to application areas are sum-
marized in Table 4.

DRTs are available for various types of data such as image, signal,
text, etc., Table 5 shows the data types for which DRTs have been ap-
plied. Data type information was collected from datasets used in differ-
ent studies. The “+” symbol indicates that a particular DRT can work
with this type of data. The “-” symbol indicates that DRT cannot be
used for the mentioned data type. Blank means that no information is
available in the studied literature.

4. Issues of dimensionality reduction techniques

Despite the above mentioned benefits, some limitations and issues
are associated with DRTs. Moving from high dimensional to low dimen-
sional data poses numerous challenges. Selection of a suitable method
according to the type of data is a big issue which need to be addressed.
It is essential to find a suitable mechanism to attain the highest level of
accuracy when combining the output of several DRTs.
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Another issue is identification of redundancy level as HDD can have
many redundant features. It becomes difficult to identify the level of
redundancy and remove it without affecting the performance in low di-
mensional mapping. Many DRTs offer this facility. However, some fea-
tures may be redundant but important for analysis and decision making.
One may get non-redundant and low dimensional data sets which are
easy to manage after applying DRTs. There is a possibility that important
information may be lost in low dimensional data set that were essential
for analysis. In such a situation, selection of suitable of DRT can become
a challenging task.

Many DRTs can enhance visualization of data using few dimen-
sions [9]. Sometimes, important dimensions are not selected during the
DR process and affect the results adversely. For example, a feature has
lower value but has significant impact on the prediction accuracy, miss-
ing such a feature will lead toward a wrong decision. Most of the DRTs
cannot work with input data directly and need pre-processing such as
PCA and SOM. There is need to normalize data to get precise results. It
is claimed that use of DRTs reduces computation time, but some DRTs
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Table 5

Overview of supportive DRTs for different data type.
DRTs Text Image  Signals  Audio/Video  Time Series  Structured
PCA + + + + + +
SVD + + + + + +
LSA +
PP + +
ICA - + + + + +
LPP + + + + + +
LDA + + +
KPCA + + + +
MDS + + + + + +
Isomap  + + + +
LLE + + +
SOM + + + + + +
vQ + + + + + +
t-SNE + + + + + +

(i.e., SVD and some nonlinear techniques) are computationally expen-
sive.

A common problem that may rise during DR process is to fix how
many features to select for analysis. Another important aspect to con-
sider is to identify the nature of data and features that will be used
for analysis. Finding the relevant and important features has become a
problematic task. It entails domain, knowledge, and human expertise
to extract most relevant features for future processing and selection of
ML models for classification. Interpretation of results is another reason
that makes the DR application infeasible for applications which requires
interpretation. It is not possible to retain full information of HDD set af-
ter applying DRTs. It depends on the given data set and nature of the
problem to identify the most relevant features for processing.

In some conditions, DR is not possible as most of the HD features are
important for analysis. The reason is the features can be inter-related.
Dealing with interdependency of variables is also a big issue which needs
to be handled. many DRTs are available and helpful for taking only rel-
evant features for analysis by removing noise. Level of noise also affects
the performance of DRTs. The last aspect to consider is minor changes
in input can affect the results. For example, values of particular variable
can be intentionally set to very high or very low. This may lead to wrong
classification or predictions. Similarly, selection of a single wrong fea-
ture can lead towards wrong results. For example, for weather forecast,
region information is most important, but wrong region information will
certainly give wrong information.

5. Discussion

Over the past few decades, DRTs have gained lots of attention for pat-
tern recognition, computer vision, face and object recognition, motion
detection, and classification. This comparative study covers a broader
perspective about applications and types of data. We explored the func-
tionalities of original DRTs and their available variants that can enhance
the suitability of DRTs for linear and nonlinear applications.

DRTs have been studied by many researchers to solve different is-
sues of HDD and data pre-processing [1]. Comparative study of DRTs
has been presented in [5,11,12,15] but information about new vari-
ant of some DRTs has not been presented. In this study, we discussed
seven linear and seven NLDRTs and their variants for text, image, and
signal data. LDRTs and their variants have been used to manage dif-
ferent types of data structures and application areas[19]. Maaten and
Hinton [251] reviewed different versions of t-SNE but it was limited to
data visualization. They analyzed linear and non-linear DRTs for image
data only. NLDRTSs have been reviewed in [20]. A comparative analysis
of four DRTs including PCA, Isomap, t-SNE, and Diffusion Maps by im-
plementing them on a benchmark mass cytometry data set is presented
in [252].
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PCA and its different versions (i.e., robust PCA, sparse PCA) are still
widely in use due to its simplicity and efficiency. The presence of outliers
can adversely affects the performance of PCA. SVD is an unsupervised
DR method suitable for sparse data but is computationally expensive
for some applications. SVD has been successfully used for text summa-
rization, image processing, classification and noise removal. LSI is an
unsupervised vector-based technique frequently used for text summa-
rization, categorization, IR, NLP, and topic modeling. PP is an unsuper-
vised method that uses the non-Gaussian data and works efficiently even
in the presence of outliers.

ICA originally works well with Gaussian data, but its variants have
the capability to deal with Gaussian and non-Gaussian data. Potential
applications of ICA are signal processing, BSS (fastICA), feature extrac-
tion, gene expression data, remote sensing, communication, and infor-
matics. LLP is a graph-based technique which is most suitable for face
recognition and image/video classification [6,7]. Presence of noise and
outlier does not influence its performance as in PCA. Different versions
of LLP (SKLLP, DLPP, ODLLP, GLPP, S2DDLPP) have enhanced its recog-
nition capabilities and reduced noise. The singularity issue in a classi-
cal LDA is solved by a variant of LDA (G2DLDA). Another issue, small
sample size has been solved using EDA, GEDA, and SRDA. LDA is be-
ing used for the text, image, medical, data for feature extraction, and
pattern classification.

NLDRTs have been successfully used to enhance the efficiency of
nonlinear transformations. KPCA, a variant of most widely used PCA,
has been developed to deal with nonlinearities in data. These tech-
niques are mostly used at pre-processing stage for feature extraction
and DR. MDS is an unsupervised NLDRTs that uses topology structure
and preserves a pair-wise scalar product. It is commonly used for DR,
data exploration, and visualization. Classical MDS is sensitive to out-
liers. Isomap preserves the topological structure of data. LIsomap has
enhanced the scalability. It has been successfully used for crowed mon-
itoring. SLRNILE provides better classification accuracy but is computa-
tionally expensive.

LEE preserves the local structure of data in lower dimensions. LEE is
suitable only for well sampled manifolds. SOM is an extension of locally
linear PCA. SOM is an excellent tool for data exploration and visualiza-
tion. It is suitable for multidimensional data found in images, text, time
series, ecology, etc. LVQ uses labeled data and performs classification
based on the distance between input vectors. t-SNE was used to visu-
alize and extract features of HD using supervised methods [255]. MDS
preserves distances and a t-SNE preserves the neighborhood structure of
data points.

6. Conclusion

We conclude that most of the DR applications need human-machine
collaboration to achieve classification and prediction accuracy. As more
data became available, need for DRTs also increased to reduce uncer-
tainty in decision making. Linear techniques use linear transformation
and requires less computation power. Nonlinear techniques can have
high computation time and cost in some situations, but have been suc-
cessfully implemented for many complex application areas (i.e., biomed-
ical, audio and video data). This study will be helpful for selecting suit-
able DRT according to type of data. In future research work, we will
design algorithms to resolve different issues highlighted in this work.
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